We investigate the dynamical response of a mass defect in a one-dimensional non-loaded horizontal chain of identical spheres which interact via the nonlinear Hertz potential. Our experiments show that the interaction of a solitary wave with a light intruder excites localized mode. In agreement with dimensional analysis, we find that the frequency of localized oscillations exceeds the incident wave frequency spectrum and nonlinearly depends on the size of the intruder and on the incident wave strength. The absence of tensile stress between grains allows some gaps to open, which in turn induce a significant enhancement of the oscillations amplitude. We performed numerical simulations that precisely describe our observations without any adjusting parameters. [3] . For example, the presence of an isotope in a perfect linear crystal is known to enhance optical waves absorption at given frequencies [4] . One-dimensional chains of beads interacting via the Hertz potential are systems suitable to observe nonlinear localization effects. A loaded chain of identical beads is dispersive, allowing small perturbations to propagate as linear or weakly nonlinear acoustic waves [5] . In contrast, when grains in a chain barely touch one another, the energy of an impulse only propagates as fully nonlinear solitary waves [5, 6, 7] resulting from the balance between dispersion and nonlinearity of the medium. Nesterenko early described this regime as a sonic vacuum limit [8] . Dissipative effects such as viscoelasticity or friction only attenuate and spread these solitary waves [7, 9] . In contrast, any heterogeneity of the medium capable of unbalancing dispersion and nonlinearity results in breaking the solitary wave symmetry. For example, a narrow pulse propagating in a chain of beads with decreasing sizes develops a long tail which spreads in time the momentum transfer [10, 11, 12] . Designing powerfull impact protection systems takes advantage of these features [10, 11, 13] . Granular chains made of successions of heavy and light beads also proved valuable efficiency in energy absorption [14] . More recently, fully nonlinear waves with finite-width were observed in chains containing periodic mass defects or soft inclusions [15] . Such nonlinear dimer chains are expected to support additionnal optical modes and forbidden band gap when subjected to a static load [15] .
We investigate the dynamical response of a mass defect in a one-dimensional non-loaded horizontal chain of identical spheres which interact via the nonlinear Hertz potential. Our experiments show that the interaction of a solitary wave with a light intruder excites localized mode. In agreement with dimensional analysis, we find that the frequency of localized oscillations exceeds the incident wave frequency spectrum and nonlinearly depends on the size of the intruder and on the incident wave strength. The absence of tensile stress between grains allows some gaps to open, which in turn induce a significant enhancement of the oscillations amplitude. We performed numerical simulations that precisely describe our observations without any adjusting parameters. Wave localization has been studied for long in linear systems [1] or lattices [2] and became widely studied more recently in nonlinear systems [3] . For example, the presence of an isotope in a perfect linear crystal is known to enhance optical waves absorption at given frequencies [4] . One-dimensional chains of beads interacting via the Hertz potential are systems suitable to observe nonlinear localization effects. A loaded chain of identical beads is dispersive, allowing small perturbations to propagate as linear or weakly nonlinear acoustic waves [5] . In contrast, when grains in a chain barely touch one another, the energy of an impulse only propagates as fully nonlinear solitary waves [5, 6, 7] resulting from the balance between dispersion and nonlinearity of the medium. Nesterenko early described this regime as a sonic vacuum limit [8] . Dissipative effects such as viscoelasticity or friction only attenuate and spread these solitary waves [7, 9] . In contrast, any heterogeneity of the medium capable of unbalancing dispersion and nonlinearity results in breaking the solitary wave symmetry. For example, a narrow pulse propagating in a chain of beads with decreasing sizes develops a long tail which spreads in time the momentum transfer [10, 11, 12] . Designing powerfull impact protection systems takes advantage of these features [10, 11, 13] . Granular chains made of successions of heavy and light beads also proved valuable efficiency in energy absorption [14] . More recently, fully nonlinear waves with finite-width were observed in chains containing periodic mass defects or soft inclusions [15] . Such nonlinear dimer chains are expected to support additionnal optical modes and forbidden band gap when subjected to a static load [15] .
The elementary interaction of either lighter or heavier intruders with solitary waves in non-loaded monodisperse chains of beads has been investigated numerically [16] . When a solitary wave reaches a mass defect, energy is partially reflected into a backward traveling solitary wave and is partially transmitted to the intruder. A heavy impurity slowly translates, leading to a large transmitted solitary waves train in the forward direction [16] , similarly to what was observed in stepped chains [5, 8, 12] . A light intruder oscillates and scatters forward and backward weak delayed solitary waves trains [16] .
In this letter, we investigate experimentally the interaction of a solitary wave with a light intruder in a nonloaded monodisperse chain of beads. We observe that the impurity oscillates while interacting with a solitary wave. Oscillations remain localized and fade as soon as the wave travels away. The presence of a small distance gap between the intruder and its nearest neighbors enhances the oscillation amplitude. A multiscale analysis predicts the oscillations frequency as a function of intruder size and wave strength. High resolution numerical simulations capture all the experimental features.
Beads are 100C6 steel roll bearings [17] with density ρ = 7780 kg/m 3 , Young's modulus Y = 203 ± 4 GPa and Poisson ratio ν = 0.3. The chain is made of 20 equal beads (radius R = 13 mm) and contains an intruder (2.5 mm ≤ R i ≤ 10 mm) in the middle, as shown in Fig. 1 . The beads, barely touching one another, are aligned on a horizontal Plexiglas track. A special short track automatically aligns the intruder on the axis of the chain [11] . The chain is ended by a flat, fixed and heavy piece of steel. A nonlinear compressive wave (see below) is initiated from the impact of a small striker (R s = 4 mm). The pulse is monitored by measuring the load with a piezoelectric transducer (PCB 200B02, sen- sitivity 11.24 mV/N and stiffness 1.9 kN/µm) inserted inside a bead cut in two parts. The total mass of the active bead matches the mass of an original bead and the rigidity of the sensor is comparable to bead's material properties. The embedded sensor thus allows nonintrusive measurements of the force inside the chain [7] .
Typical force signals measured at the intruder contact, plotted in Fig. 2a1 , shows that large and well defined oscillations appear in the tail of the incident solitary wave. The tail corresponds to a slight reflection of the incident pulse on the intruder mass defect. Measured oscillations in the tail of the force are displayed in more details in Figs. 2a3-2a6 for increasing amplitudes of the incident solitary wave. Dissipative processes being negligible [7] , conservative numerical simulations (see below) shown in Fig. 2b1 demonstrate satisfactory agreements with experiments, without any adjusting parameter. Calculated overlaps between the intruder and neighbor beads, shown in Fig. 2b3 (see also the relative displacements in Fig. 4a ), demonstrate that force oscillations correspond to localized oscillations of the intruder. Figs. 2a2 and 2b2 depict power spectral densities of experimental and calculated forces, respectively, in which the high frequency component corresponds to the observed oscillations. time scales, that are separated by filtering low or high frequency contents, as shown in Fig. 3c . Oscillations are only observed when the intruder is loaded by the solitary wave. In Fig. 3a , intruder oscillations are only visible in the tail of the incident pulse (0.0 ms < t < 1.0 ms). Stronger and relatively faster oscillations can be observed in the reflected pulse (1.5 ms < t < 3.0 ms), both during the main compression and in the tail. Gap openings between the intruder and neighbor beads might explain the differences between incident and reflected pulses features. We designed an electrical switch (smooth metallic brushes in contact with neighbor beads, connected to a fast TTL electrical circuit, see Fig. 1 ) to detect any loss of contact. The switch is on (1) when beads are in contact and off (0) when loss of contact occurs. As shown in Fig. 3b , gap first opens right after the incident compression (t ≃ 0.5 ms and t ≃ 2.1 ms) and second at the end of tail (t ≃ 1.1 ms and t ≃ 2.7 ms). The first opening is due to the weak reflection of the pulse on the mass defect and the second one is due to the momentum and energy transfer from the oscillating intruder to neighbors. Higher amplitude oscillations appears provided a gap between the intruder and neighbor exists.
These observations are corroborated by numerical simulation. Calculated displacements of the intruder and neighbors shown in Fig. 4a and the overall gap around the intruder (the difference between left and right neighbor beads displacements) shown in Fig. 4b demonstrate that gaps open twice at the intruder, consistently with our experiments. Fig. 4c , showing the intruder displacement relative to the center of mass of the two neighbors beads, reveals that intruder oscillations even exist during the main compression of the incident pulse (0.5 ms < t < 1.0 ms, see magnified view in Fig. 4d ). Momentum transfer is enhanced by larger strain gradient in the presence of gaps.
Next, we analyzes how oscillations depend on wave strength and on intruder size. Frequency of oscillations is obtained from the analysis of power spectral densities of the force. Following measurements are repeated nine times and averaged to minimize errors. We first run a set of experiments at constant intruder size (R i = 2.5 mm) while varying the amplitude of the incident solitary wave. The force amplitude is obtained from the low-pass filtered signals and results are presented in Fig. 5a . We then keep the incident pulse amplitude constant (8.6 ± 0.5 N) and test several intruder sizes, as depicted in Fig. 5b . Experiments show that the frequency of the intruder nonlinearly increases with the incident solitary wave strength and depends on the intruder size.
The physical behavior of solitary waves in chains of equal beads and implications for the existence of localized modes is summarized here. Under elastic deformation, the energy stored at the contact between two elastic bodies submitted to an axial compression corresponds to Hertz potential, U H = (2/5)κδ 5/2 , where δ is the overlap deformation between bodies, κ
1/2 and θ = 3(1 − ν 2 )/(4Y ) are constants, and where R and R ′ are respective radii of curvature at the contact. The force felt at the interface derives from Hertz potential,
+ . Index + indicates that Hertz force is zero when the beads loose contact (no tensile force). The dynamics of a chain of beads is thus described by the following system of N coupled nonlinear equations,
where m and u n are the mass and the position of bead n, respectively. Considering long-wavelength perturbations, such that the strain ψ = (−∂ x u) ≃ (δ/2R) ≃ (u/λ) ≪ 1, a continuous equation can be derived from Eq. 1, which admits an exact solution [8] in the form of a purely compressive and periodic traveling wave, ψ(x, t) = ψ m cos
m , nonlinearly depends on maximum strain. Infinitely small perturbations in the acoustic limit propagate at zero speed, acoustic modes are thus forbidden. One hump of this periodic function represents a solitary wave solution [8] . In addition to analytical estimations, we solve the nonlinear system of Eqs. 1 by using a fourth order Runge-Kutta numerical scheme [18] , the embedded force sensor being incorporated in simulations for closer comparisons [19] . Numerical time step is few orders of magnitude smaller than the shortest physical duration and energy conservation is fulfilled within a relative error better than 10 −9 . The characteristic frequency of localized oscillations can be estimated through a multiscale analysis of Eq. 1. Here, index n denotes the intruder with radius R i and mass m i = (4/3)πρR 3 i , and κ i = κ(R, R i ) = κ(R i , R) is the elastic constant that depends on radii and properties of the beads. Index n ± 1 denote the two neighbor beads with radius R > R i . We consider two distinct time scales: a slow variation of the order of solitary wave duration, and a fast time scale associated with intruder oscillations. Displacements of the intruder and neighbor beads are written as u n ≃ u n + u n e iωt and u n±1 ≃ u n±1 , where u n and u n are slowly varying functions of time. Harmonic oscillations amplitude is assumed negligible compared to solitary wave amplitude, u n ≪ u n . Replacements into Eq. 1 leads to,
where the first equation, at leading order, provides the displacement of the intruder at slow time scale. The second equation, at next order, determines the angular frequency of the oscillating intruder. We then introduce slowly varying forces at the contacts of the intruder,
+ . Noticing that they almost behave in phase (F + ≃ F − , see Fig. 2b3 ), the first equation indicates that intruder acceleration oscillates around equilibrium position,ü n ≃ 0. The second equation provides the maximum oscillation frequency f m = max [ω/2π] as a function of the amplitude of the slow time force at the intruder contact,
where C = (3/4π √ πρ)/(2θR 4 ) 1/3 . Eq. 4 shows that oscillation frequency tends to zero when the load vanishes: oscillations stops as soon as the solitary wave leaves the intruder. Using the characteristics of our beads, we find a theoretical estimation, C t = 2640 Hz/N 1/6 . Matching Eq. 4 to experiments and simulations shown in Fig. 5 , we find C e = 2510 ± 151 Hz/N 1/6 and C n = 2531 ± 52 Hz/N 1/6 , respectively. The agreement between experiments, simulations and theory shown in Fig. 5 is satisfactory, considering that no adjustable parameters is used between experiments and simulations. It should be pointed out that weak delayed solitary wave trains, responsible for nonlinear leak of oscillating energy from the intruder to surrounding [16] , were detected in long duration acquisitions of the force recorded few beads before or after the intruder (not shown in this letter). This attenuation mechanism should lead to an exponential decay of the oscillating amplitude within a characteristic time much longer than the duration of the low frequency force envelope, τ leak /τ LF ∼ m/m i ≫ 1, provided the mass of the intruder is lighter than a bead of the chain, m i ≪ m.
Eq. 4 can also be obtained by considering the low frequency force envelope amplitude, of the order of m , leads to Eq. 4 expression. The frequency of oscillations exceeds the cutoff, ω i ≫ ω c and the energy remains localized within a characteristic distance that does not depend on static load and which is smaller than a single radius, x c ≪ R.
In conclusion, we have reported observations of energy localization in strongly nonlinear chains of elastic beads. Localization occurs when a light intruder oscillates at a time scale much shorter than the duration of the incident solitary wave. Oscillations are excited by the local strain gradient and enhanced by the presence of gap at the intruder contact. Oscillations are unable to radiate linear acoustic waves as they are forbidden in the sonic vacuum limit. Such nonlinear localization effects are likely to appear in polydisperse 3D granular assemblies. For instance, a significant number of weakly loaded light particles might play an important role on sound trapping at high frequency. 
